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IJL Synthesis Using Linear Quadratic Gaussian Controllers

Ciann-Dong Yang and Chia-Yuan Chang
National Cheng Kung University, Tainan 701, Taiwan, Republic of China

A sufficient condition is derived for the existence of the optimal /z controllers by showing the equivalence between
the optimal IJL problem and the weighted #2-optimization problem. The weighted /^-optimization technique used in
linear quadratic Gaussian design with loop transfer recovery is exploited to generate a sequence of #2 controllers
converging to the optimal p, controller. The resulting optimal p, controller not only has the inherent robust-
performance property resulting from the /LA criterion, but also possesses the nice HI control structure, being easy
to compute and implement. A flight control example is demonstrated to show that the numerical accuracy of the
//2-based /^-synthesis approach is comparable to the conventional H^-based /it-synthesis technique (D-K iteration)
but with reduced computational efforts.
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Introduction

M AINTAINING an acceptable level of performance, as well
as stability, in the presence of disturbances and model un-

certainties, namely, the robust-performance problem, has long been
recognized as a crucial problem in control system design. Recently,
by introducing the structured singular value /x as a measure of per-
formance robustness, Doyle1 proposed a celebrated framework for
analyzing the robust-performance problem and suggested a synthe-
sis procedure for designing robust-performance controllers called [i
synthesis.

The solution to the /^-synthesis problem requires minimization of
the structured singular value // of a cost function matrix, which is still
an open problem and as yet has not been analytically solved. A nu-
merical approximation solution, the D-K iteration, was established
by Doyle,2 where the /^ minimization is approximated by a sequence
of //oo minimizations. Though D-K iteration does not guarantee the
convergence to the optimal ̂  controller, the algorithm does prove
itself as an efficient way of synthesizing robust-performance con-
trollers. Most recently, several alternatives to D-K iteration have
been proposed. These alternatives include j^-K iteration,3 E-K
iteration,4 and L-R iteration.5

A general framework for feedback control systems is shown in
Fig. 1. It is known that any linear interconnection of inputs, out-
puts, disturbances, and model uncertainties can be recast into this
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__ Fig. 1 General framework of feedback con-
trol system.

diagram, using linear fractional transformations. In the scenario of
Fig. 1, P represents the augmented plant, A is the model uncer-
tainty, K is the controller to be designed, d is a vector consisting of
exogeneous inputs and disturbances, and e is a vector of penalized
signals. The uncertainties A, the exogeneous inputs d, and the er-
ror signal e are normalized to unity. This requires that all scalings
and weighting functions should be absorbed in the augmented plant
P. Let M represent the lower linear fractional transformation of P
closed by K, that is, M = F/(P, K) = Pn + Pi2^(/ - /^AT1 fti.
Obviously, the structured singular value ji6A(M) depends on both
matrix M and the structure of A. The main difference between H^
design and IJL synthesis is the structure of the uncertainty block A.
For //oo design, A is a full block; whereas for /x synthesis, A is of
mixed structure having both scalar and full blocks. We list several
properties of the structured singular value, which will be referred to
later.

Lemma I12'6:

p(M) <

maxp(QM) <
QeQ

Va e C

<a(M)

< inf a(DMD~l)
DeD

(D

(2)

(3)

(4)

It is known that the upper bound in Eq. (3) is achieved when A
is a full block (i.e., unstructured uncertainty) and the lower bound
in Eq. (3) is achieved when A is a scalar block. The introduction of
the scaling factors D and Q in Eq. (4) is to reduce the gap between
/XA (M) and its upper and lower bounds, respectively.

Robust performance is said to be attained if and only if
AtA[F/(P, /O(»] with A € #A satisfies /*A[F/(P, K)(ja>)] < 1,
Vox The optimal robust-performance problem (n systhesis) is to find
controller K that stabilizes the augmented plant P and minimizes
the worst-case value of /xA[F/(P, K)(ja))], i.e.,

inf
K stabilizing (O€R

(5)

Because of the inherent nonconvexity of the problem, the complete
solutions to this problem are still unavailable. All of the existing
numerical schemes solve the optimization problem indirectly. D-
K iteration starts from the upper bound of ju,A[F/(P, K)(ja))]. In-
stead of minimizing AtA[F/(P, K)(jco)], D-K iteration minimizes
its upper bound ir\fDeDa(DMD~l), as shown in Eq. (4), and re-
duces the \i synthesis to the following two-parameter optimization
problem:

inf sup inf a\DFi(P, K)D~{(jco)] (6)
/£ stabilizing (oeRDeD

This problem can be solved approximately by solving first for K
keeping D constant and then by solving for D keeping K constant
and so on. For a fixed D, Eq. (6) is an H^-optimization problem;
whereas for fixed K, Eq. (6) is a convex optimization problem in
D. The scaling factors DO, D\,..., /),_ \ obtained before the /th
iteration should be multiplied together to obtain the H^ controller
at the /th iteration.

IJL Synthesis and Weighted H2 Optimization
The motivation of the present research stems from the concept

of linear quadratic Gaussian (LQG) design with loop transfer re-
covery (LTR). It is well recognized that the performance robustness

of the LQG controllers can be remarkably improved by the LTR
technique. We are curious to know whether the performance robust-
ness of LQG can be ultimately increased by the LTR to the level
achieved by the optimal IJL controllers. The answer is affirmative,
and a workable scheme is proposed in the following to realize this
conjecture. The significance of this approach is that the resulting
optimal M controllers can be assigned a priori with LQG struc-
ture. First, we will derive a sufficient condition based on weighted
//2 optimization to guarantee the existence of the optimal IJL
controller.

Theorem 1: Suppose there exists a scalar frequency-dependent
weight W(s) such that the optimal H2 controller KQ obtained
from

#0 = arginf \\WFt(P, K)\\2 (7)K
satisfies

| = YO = const, Vto (8)

| = ||WF,(/>,A:o)ll2, Vo; (9)

then KO is the optimal IJL controller

(10)
Proof: This can be proved easily by contradiction. Suppose KQ is

another controller satisfying Eqs. (8) and (9) but with a smaller ^
value:

(11)
Using Eq. (9), Eq. (11) can be rewritten as

\\WFi(P,K'Q)\\2<\\WFl(P,KQ)\\2

but this result contradicts the assumption of Eq. (7). Hence, we must
have

^, = aiginfsup^A[F /(P, K)(jco)] = arginf \\WF,(P, K}\\2 (12)
K (o K

QED
Theorem 1 reveals the fact that an optimal H2 controller obtained

from Eq. (7), satisfying the conditions in Eqs. (8) and (9), is also
an optimal //, controller. The all-pass property (8) is an important
characteristic of the optimal IJL control, and many other optimization
problems possess this property.7 However, the conditions given in
Eqs. (7-9) are only sufficient for the existence of the optimal IJL con-
trollers, i.e., Theorem 1 does not imply that an optimal /x controller
must possess the all-pass property or can always be derived from
the weighted H2 optimization (12). The key issue in Theorem 1
is the characterization of the weighting function W(s). The next
section is devoted to characterizing the desired W(s) such that Eq.
(12) is satisfied. The right-hand side of Eq. (12) is known as the
frequency- weighted LQG problem in the literature,8"10 which is
intimately related to the LQG/LTR technique.11 Equation (12) re-
veals the concept that the ^-optimization problem is equivalent to
the frequency-weighted /^-optimization problem. To the authors'
knowledge, this concept has not been discussed in the literature to
date.

The optimal IJL controller ^o obtained from the weighted H2-
optimization process not only has the inherent robust-performance
property because of the \i criterion but also possesses the nice H2
control structure, being easy to compute and implement.

/Lt Synthesis via /f2-Based Loop-Shaping Design
In this section we propose a loop-shaping design procedure to

construct the weighting function W and the corresponding optimal
IJL controller in Eq. (12) for arbitrary structure of F/(P, K). The ul-
timate closed-loop shape we want to achieve is a uniform frequency
response of the structured singular value of F/(P, K ) , i.e., the loop
shape represented by the all-pass condition (8). The strategy we will
adopt is to shape W recursively by a sequence of //2-optimization
processes until a uniform shape of /xA[F/(P, K)(j(t))] is achieved.
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The underlying concept of the H2-based loop-shaping design
comes from the observation of Eq. (9). An admissible W(s) satis-
fying condition (9) has the following property:

\W(jo>)\ =
, K)(jco)}

\\WFt(PtK)\\2
(13)

where the property ^A[WF/(P, K)(jco)] = \W(jco)\n* [F/(P, K)
x(JQ))] from Eq. (1) has been used. Because both W(s) and K(s)
are unknown, we can neither determine W(s) from Eq. (13) nor
determine K ( s ) from the optimization of \\WFt(P, K)\\2 in Eq.
(7); however, if we apply Eqs. (7) and (13) to different itera-
tion steps, K (s) and W(s) can be determined iteratively from
each other. For example, if we have a sequence of optimal H2
controllers (KQ, K\, ..., A T / , . . . ) , where we suppose controllers
KO(s)-Kj-i (s) and the corresponding frequency-dependent weights
WQ(S)-WJ-I(S) are known, the objective is to determine Kt(s) and
Wj(s). We can exploit Kf,i(s) and W/_i(,s) to predict Wt(s) by
applying Eq. (13):

\Wi(ja>)\ = (14)

Next, we use this Wf(s) to determine the optimal H2 controller Kj
from Eq. (7):

inf |
ATstabilizing

(15)

In general, W/ obtained from Eq. (14) may not satisfy Eq. (13), but
we expect that the limit of the sequence, W^, can satisfy Eq. (13).

As the iteration proceeds, the following sequences can be defined:

(16)

(17)

(18)

where W/ (5) is a scalar, minimum-phase transfer function whose
magnitude is determined by y/_i (&>)/A/_i , that is,

i = 1,2, . . . (19)

with \W()(jc0)\ = 1. The sequence of optimal H2 controllers con-
verging to an optimal \JL controller can be characterized in the fol-
lowing way.

Theorem 2: Given the controller sequence (K/)?i() defined by

inf \\WjF, (P,
ATstabilizing

(20)

with Wj given by Eq. (19), then the corresponding sequences
(^/)/*L()> [£/(&0]/*Lo> and [y/(&0]/*Lo> possess the following prop-
erties.

Property 1:

Property 2:

£/ +1 (a
A./ -y/M = Yi- Vco

(21)

(22)

Property 3:

and integrating with respect to co from — oo to oo, we have
o

•0

/

oo

of [W,.
•00

/

oo n

J>*W
•°o k=l

From the definition of the H2 norm, the preceding equation leads to
the desired result,

2) By definition,

3) By applying Eq. (22) repeatedly, we have

A/ A/ A/ _ i

$i(aj) C/- iM X/-2(<w) k (CD)
QED

Now we are ready to show that the limit controller A^o in the se-
quence of the optimal H2 controllers (/£/)j*l() defined in Eq. (20) is
the solution of the /^-optimization problem (5). The proof contains
three steps.

1) The first step is to show the convergence of the controller
sequence (#/),°t().

2) The second step is to show that the limit controller K^ satisfies
the all-pass condition (8).

3) The third step is to show that the limit controller K^ truly
achieves the infimum:

infsupA6A[F}(P,^ a)

The convergence of the controller sequence (Kj)fL() is proved first.
Theorem 3:
1) Let Kj be the central solution12 of the /^-optimization problem

defined in Eq. (20), then

J = arg inf n I I ft I I o
(24)

1) Exploiting the relation

=n Vco (23) 2) The sequence (X,-)?i0 is convergent, where A.; is defined as

A,- = inf jf n
= inf||F,(P,/O||2K

-F,(P, Ar)(jw)
(25)

U ii?'
3) The controller sequence (AT/)^0 is convergent.
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Proof:
1) The definition of Kf is given in Eq. (20). Exploiting Eq. (23),

we can rewrite K{ as

i = arginf ||Wf
K

= arginf
K

= arg l

= arginf

n
ll?*lloo . n

lift l ic

where we have used the fact that both || £*(&>) Hoc and Xk are inde-
pendent of frequency CD.

2) By definition,

n II?* Ho
-F,(P,K,)(j

II?,-1 n^c^^ii?,
note f/(«•>)

l l f / l l c
= 1

n
> inf

K
K)

Hence, the sequence_(X/)^={) is monotonically decreasing and
bounded by 0 < X / <X0 . Employing the convergent theorem13 of
real sequences, we thus obtain the convergence of (X/_)^0.

3) According to the definition of X/ , we know that A,/ is a contin-
uous function of Kj . If we let Kt be the central controller developed
in Ref. 12, then Kf is uniquely determined by A,/. Since A/ is a
one-to-one continuous function of Kj , the convergence of the se-
quence (A/)°i() implies the convergence of the controller sequence
(ff/)?Lp- QED

Having proved the convergence of the controller sequence Kf , we
proceed to verify the uniformity of the structured singular value of

Lemma 2: Let K^ be the limit of the controller sequence defined
in Eq. (20), then

A6A[F/(P, = AOO = const, Vco (26)

Proof: The three sequences defined in Eqs. (16-18) are deter-
mined uniquely by the controller sequence Kt. Therefore, the con-
vergence of Kj implies the convergence of A / , & (CD), and y\ (CD). On
the other hand, from Eq. (22) we have

rhm
A/ _ i

= hm
/ -» oo YJ _ i (CD)

Since y/(&>) is convergent, we have lim/^oo y/(&>)/y/_i(o;) = 1,
VCD. It turns out that lim/ _> oo f / (w)/A/ _ i = 1 , Vw, that is, f ̂  (CD) =
H*[F,(P, KooHjco)] = ̂ oo = const, Vco. QED

The final step in our characterization of the optimal \JL controller
via //2-based loop shaping design is to show that K^ achieves the
infimumof /x.

Theorem 4: The limit controller K^ of the controller sequence
defined in Eq. (20) achieves the infimum:

= arginf sup /xA[F,(P, K)(jto)] = arginf HW
K a) K

, K)\\2

(27)
Proof: From the definition of W, in Eq. (19), the convergence of

Wj is guaranteed by the convergence of y/ (a>) and X, . Let the limit
of the sequence (W,-),0!,, be denoted by Wx. Then Eq. (14) becomes

I Wx F,(P, tfoJIh

where the property from Eq. (1) has been used. Then, we have

where by the definition W^ is related to K^ via

(28)

(29)

Keeping the results of Eqs. (26), (28), and (29) in mind, we go back
to Theorem 1 where we can see that the conditions (7-9) are satisfied
by the controller K^ and the weighting function W^. Hence, K^
is the desired optimal jj, controller. QED

Remarks:
1) No particular structure of the uncertainty has been assumed in

the process of proof. Hence, the success of the [i synthesis using the
aforementioned //2-based loop-shaping design is independent of the
structure of the uncertainties, which can be real, complex, or mixed.

2) The inherent assumption made in Theorems 3 and 4 is that
the structured singular value /xA(M) of a given constant matrix
M = FI (P, K)(jcDo) with given uncertainty structure A can be eval-
uated perfectly. However, the existing numerical schemes can only
calculate a tight upper bound of [i A (M) such as info eD&(DMD~l)
[see Eq. (4)], and an exact evaluation of /xA(M) is still lacking in
the literature except for some special cases where 2s + / < 3 with
s and / being the numbers of the repeated scalar blocks and the full
blocks, respectively. Therefore, although the convergence of the H2
controller sequence (Ki)fL() to the optimal /x controller is theoreti-
cally guaranteed, the exact calculation of K, is, in general, not avail-
able using the current art of structured singular-value computation.

3) If the computation of fJi&(M) is replaced with its upper bound
infjr, eD cT(DMD~l) and if 2s + / < 3 is satisfied, (Ki)f°=(} still con-
verges to the optimal //, controller; whereas if 2s + / > 3, then
(Kj)fLn only converges to an approximation of the optimal /x con-
troller. However, if the computation of ii&(M) is replaced with its
lower bound maxG6g p(QM), the resulting (Kj)°°=(] converges ex-
actly to the optimal /x controller, since /xA(M) = maxG eg p ( Q M ) .
Nevertheless, note that the computation of maxgeg P(QM) is not
a convex optimization problem.

#2-Based ^-Synthesis Algorithm
Up to now we have developed the theoretical background for the

synthesis of optimal /x controllers via an //2-based loop-shaping
procedure. The equivalence in Eq. (12) is established by the con-
troller #00 and the weighting function W^, where K^ and W^ are
the limits of the sequences (A'00)^() and (W00)°i(), respectively.
Using Eq. (23), the controller sequence (Kj)°°=() defined in Eq. (20)
can be rewritten in the following manner:

K, = arginf
K

-arginf

&(o>) , K)(JCD)

, K)(JCD) (30)
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If we define a new scalar minimum-phase function Wf as

then Eq. (30) becomes Kt = arg inf * || Wt F/ (P,K)\\2. Instead of the
frequency-dependent weight Wt(s) defined in Eq. (19), we can use
Wj (s) as a new frequency-dependent weight. The following work is
to derive the recursive formula for W/ :

(3D

In terms of the new frequency-dependent weight W/ (s), we summa-
rize the /Lt-synthesis technique using //2-based loop-shaping proce-
dures in the following algorithm.

Initialization: / = 0.
1) Set W()(s) = 1.
2) Compute #() = arginf* ||W0F/(P, K)\\2 using the #2-opti-

mization technique.
3) Compute v*[W()Fi(P, ff0)0'a>)].
Recursive formula: i = 1,2,3,....
1) Set deg(W/) = nu;, where W/ is a scalar, minimum-phase func-

tion.
2) Fit MA[W/-iF,(P, */-i)OX>] by \Wi(j<»)\ [fromEq. (31)].
3) Compute Kt -arginf^ ||W,F/(P, /O||2.
4) Compute AtA[W/F/(P, ff/)0'a>)].
Repeat the algorithm until the required accuracy in the unifor-

mity of £/(<£>) = /xA[F/(P, Kj)(ja))] is met. This algorithm is a
new scheme for JJL synthesis. Ideally, at the end of the iteration,
MA[F/(P, #oo)0'<^)] must be an all-pass function, as is shown in
Lemma 2. Although the convergence of the sequence to the optimal
jji controller is guaranteed theoretically, in numerical calculation,
the achievable degree of optimization depends on the accuracy in
calculating the optimal H2 controller KI and the structured singu-
lar value /ZA[ W/ _ i F/ (P, ^f/ _ i)(yo;)], and on the accuracy of curve
fitting A&A[W/_iF / (P , Ki-i)(ja>)] by |W/0'o>)|. The order of the
HI controllers in the minimizing sequence can be chosen a priori
according to the required closeness to the optimal /z solution. Once
controller order is assigned, the order nw of Wt for curve fitting can
be determined accordingly.

The multiplication of F/(P, K{) by a scalar function W/ can be
considered as a shaping effect on the augmented plant P by noting
that W/F;(P, K) = Ft(Pi, K), where

0

with / and m being the dimensions of the output vector z and the
measurement vector jj, respectively. In this way, a scalar weighting
function, instead of a matrix-valued weighting function, can always
be used effectively, regardless of the dimension of the augmented
plant and the structure of the uncertainties.

In summary, the procedures of synthesizing the optimal /z con-
trollers via /i/2-based loop-shaping design involve only two steps:
one step is the refinement of the frequency-dependent weight via
\Wi(jco)\ = n*[Wi-i F,(P, Ki-i)(jca>)]', the other step is the re-
finement of the optimal H2 controller via KI (s) = arg infK \\Wt x
F,(P, AOIh.

Numerical Examples
Here we consider two examples. One is a single-input/single-

output (SISO) disturbance rejection problem,3 and the other is a
multi-input/multi-output (MIMO) autopilot design problem.6'11

SISO Case: Disturbance Rejection
Referring to Fig. 2, the objective of this design problem is to syn-

thesize controllers such that the disturbance output y = [1 + (G +
K]~ld satisfies || Wpy^ < 1 in the presence of the additive

K

wd

u
G

Fig. 2 Block diagram for the SISO design example.

Fig. 3 Block diagram with auxiliary weighting function W(s).

plant uncertainty Wd A,/, where the magnitude Wd of the additive
plant uncertainty, the disturbance output envelope Wp, and the nom-
inal plant G are given,3 respectively, as

0.25025 + 0.1256
0.55 + 1 Wp(s) =

40.1606
142.8571-s + 1

0.5(1-5)
( (s + 2) (s + 0.5)

This robust performance problem can be recast to the /^-optimization
problem:

inf
K stabilizing a>

(32)

The optimal /z controller is to be solved by the //2-based loop-
shaping design introduced in the preceding sections. The intercon-
nection of the frequency-dependent weight W(s) with the original
system is shown in Fig. 3. We will shape the weighting functions
Wd(s) and Wp(s) such that the original /x-optimization problem
can be converted to an equivalent weighted H2-optimization prob-
lem with the reshaped weighting functions given by Wj(s)Wd(s)
and Wi(s)Wp(s). Different orders of W/ and different number of
iterations can be exploited to test the accuracy and the converging
tendency of the proposed scheme. For instance, we use fourth-order
Wi (s) for curve fitting and three iterations have been performed to
yield four optimal H2 controllers: Kf =arg infK ||W/F/(P, K)\\2,
i = 0, 1, 2, 3 with deg[ff/ (s)] = 11. Numerical results for X/ = || W/
F/(P, Ki)\\2, supw£M=supw A6A[F,(P,^)0^)L and Wt(s)9
i = 0, 1, 2, 3 are shown in Table 1.

The plot of ?/ = /XA[F/(P, Ki)(jo))] is shown in Fig. 4, where we
can observe that ^A[F/(P, K3)(jco)] is almost all pass. Also shown
in Fig. 4 is the frequency response A&A[F/(P, KDK)(ja))] for which
the controller KDK(s) is obtained from three D-K iterations with
deg[KDK(s)] = 11. It is observed that suPft> /xA[F/(P, K3)(jco)] =
1.0770, whereas supw A6A[F/(P, KDK)(ja))] = 1.0689. The effects
of KT, and KDK are nearly indistinguishable. The resulting /z value is
greater than 1, indicating that the robust performance requirement is
not satisfied, and the magnitude Wd of the additive plant uncertainty
needs to be shrunken, at least, by a ratio 1/1.0770.

During the iteration process, we use inf/)6/) d(DMD~l) to ap-
proximate the structured singular value /zA(M); nevertheless, the
convergence to the optimal /z controller is still guaranteed, since
in this example 2s + / < 3 is satisfied and the approximation is
perfect. Therefore, if we fit W/ with higher degrees and increase
the computational accuracy, KI can be made arbitrarily close to
the optimal \JL solution. Indeed, for this simple SISO case, we
have a closed-form expression for the structured singular value:
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Table 1 //2-based loop-shaping results

891

1.5234

1.1741

1
Q.OQ56Ly4 + 12.78s3 + 16,440s2 + 26,01Qj + 16,510

s4 + 24,950*3 + 44,910*2 + 30,100.9 + 9109
0.0095s4 + 22.11s3 + 32,200s2 + 381,600s 4- 456,500

2

3

1.0733

1.0668

1.0927

1.0770

s4 + 69,700s3 + 763,900s2 + 592,300s 4- 254,900
0.001328s4 + 3.484s3 + 5392s2 + 19,130s + 16,000

s4 + 11,650s3 4- 34,000s2 + 23,830s + 9135

1.5

Co(w)
_JL__

£o(o>): dashed
^i(co): dash-dotted
^3 (co): solid line

dotted

10'2 10'1 10° 101 102

rad/sec

Fig. 4 Iteration results of the SISO design example.

— |Mn(y<w)| + |Af22(7^)1. Employing this formula in
the iteration process could reduce the computational time greatly.

This example illustrates the fact, as proved earlier, that by recur-
sive frequency shaping optimal H2 controllers can converge gradu-
ately to the optimal /x controller.

MIMO Case: Autopilot Design
This section contains an example of [i synthesis as applied to the

pitch-axis controller design of an experimental highly maneuver-
able airplane HIMAT.6'11 The linearized model of HIMAT consists
of four states: XT = (8v, a, q, 9), representing the forward velocity,
angle of attack, pitch rate, and pitch angle, respectively. The con-
trol inputs are elevon deflection angle 8e and the canard deflection
angle 8C. The variables to be measured are a and 9. The state-space
nominal model for this two-input two-output plant is given by

"-0.023
0

0.012
0
0
0

-37
-1.9
-12

0
57
0

-19
0.98
-2.6

1
0
0

-32
0
0
0
0
57

0
-0.41
-78

0
0
0

0 "
0
22
0
0
0 _

A diagram for the closed-loop system, which includes the feedback
structure of the plant and controller, and elements associated with the
uncertainty models and performance objectives, is shown in Fig. 5.
The control design objective is to determine a stabilizing K such that
for all stable perturbation AG(», with ||AG||oo < 1, the perturbed
closed-loop system remains stable, and the perturbed weighted
sensitivity transfer function 5(AG) = [/ + G0(7 + &GWd)K]-1

has || WPS(&G)\\OQ < 1 for all such perturbations. The envelope Wp
of the sensitivity function and the magnitude Wd of the multiplica-
tive plant uncertainty, are given, respectively, as

1.5
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1005 + 10,000
s + 10,000

Fig. 5 Block diagram for the MIMO design example.
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Fig. 6 Iteration results of the MIMO design example.

In terms of the structured singular value framework, these design ob-
jectives are satisfied if and only if inf# supw/xA[^/(P, K)(jco)] < 1,
where

WdTQ WdKS('1 (33)

with So and TO being the sensitivity and complementary sensi-
tivity functions for the nominal plant G0. The /z controller for
this robust performance problem has been computed by D-K
iteration.6 Here, we will resolve the /^-optimization problem via a
sequence of optimal H2 controllers KI (s). The frequency response
of A6A[F/ (P, Kt) (ja))] is depicted in Fig. 6, where 12 iterations have
been performed. It can be seen that A6A[F/(P, K\^(jo))} is nearly
uniform over the low-frequency range, being close to the /x solution
obtained by D-K iteration. The rolloff tendency at high frequency
is primarily caused by the roundoff errors and the truncation er-
rors in calculating the structured singular value. If we increase the
computational accuracy, the uniform portion of n&[Fi(P, Ki)(ja))]
can be extended to cover a wider frequency range. For compari-
son purposes, we have chosen the orders of W/ such that deg(^/)
= deg (#£>*:), and the number of iterations involved in obtaining
KI and KDK is kept the same. The weighting functions Wd(s) and
Wp (s) before and after shaping by the frequency-dependent weights
Wt(s) are shown in Figs. 7 and 8. Since weighted H2-optimization
problems can be solved by the LQG/LTR design procedure,11 we
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Fig. 7 Reshaping of Wd(s) by W12(s).

Fig. 8 Reshaping of Wp (s) by Wi2(s).

thus can implement the HI -based loop- shaping algorithm in terms
of LQG/LTR to obtain the optimal \JL controllers.

There are two main differences between the H2 -based /z-
synthesis technique and the H^ -based /z-synthesis technique (D-K
iteration).

1) The convergence of the //2-based /z-synthesis procedures to
the optimal /x controller is theoretically guaranteed, provided that
the structured singular value of a constant matrix with any type of
uncertainty structures can be obtained perfectly. The D-K itera-
tion is not guaranteed to converge to the minimum of /z, even if

2) The optimal H2 controller can be obtained in closed form,12

whereas the optimal H^ controller can only be obtained iteratively
by using the y -iteration technique.12 For example, if the optimal H^

controller is computed to an accuracy 10 4, the typical number of
y iterations required is about an order of 10. Consequently, at every
iteration, the ^-based /x-synthesis technique is required to solve
the two algebraic Riccati equations12 (ARE) only once, but the H^-
based /x-synthesis technique needs to solve the two ARE 10 times. In
the two examples, the number of the iterations of the two approaches
are kept the same, and comparable accuracy results; however, the
number of times ARE are solved for the proposed algorithm is far
below that for D-K iteration.

Conclusions
We have derived a sufficient condition for the existence of the

optimal /x controllers by showing that the ^-optimization problem
is equivalent to the weighted HI optimization problem. With this ap-
proach, we have verified the possibility that conventional LQG con-
trollers, with iterative tuning of frequency-dependent weights, can
become optimal //, controllers. By providing a systematic method-
ology of determining the frequency-dependent weights via the H2-
based loop-shaping procedures, we have derived, both theoretically
and numerically, LQG controllers converging to the optimal //, con-
trollers. The proposed algorithm yields a comparable accuracy with
D—K iteration, but with reduced computational efforts.
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