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p Synthesis Using Linear Quadratic Gaussian Controllers
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A sufficient condition is derived for the existence of the optimal 1 controllers by showing the equivalence between
the optimal 1 problem and the weighted H»-optimization problem. The weighted H;-optimization technique used in
linear quadratic Gaussian design with loop transfer recovery is exploited to generate a sequence of H; controllers
converging to the optimal p controller. The resulting optimal g controller not only has the inherent robust-
performance property resulting from the 4 criterion, but also possesses the nice H control structure, being easy
to compute and implement. A flight control example is demonstrated to show that the numerical accuracy of the
H)-based pi-synthesis approach is comparable to the conventional H.-based pi-synthesis technique (DK iteration)

but with reduced computational efforts.
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Introduction

AINTAINING an acceptable level of performance, as well

as stability, in the presence of disturbances and model un-
certainties, namely, the robust-performance problem, has long been
recognized as a crucial problem in control system design. Recently,
by introducing the structured singular value p as a measure of per-
formance robustness, Doyle' proposed a celebrated framework for
analyzing the robust-performance problem and suggested a synthe-
sis procedure for designing robust-performance controllers cailed 1
synthesis.

The solution to the u-synthesis problem requires minimization of
the structured singular value p of a cost function matrix, which s still
an open problem and as yet has not been analytically solved. A nu-
merical approximation solution, the D—K iteration, was established
by Doyle,? where the ¢+ minimization is approximated by a sequence
of H,, minimizations. Though DK iteration does not guarantee the
convergence to the optimal p controller, the algorithm does prove
itself as an efficient way of synthesizing robust-performance con-
trollers. Most recently, several alternatives to D—K iteration have
been proposed. These alternatives include u—K iteration,> E—K
iteration,* and L—R iteration.’

A general framework for feedback control systems is shown in
Fig. 1. It is known that any linear interconnection of inputs, out-
puts, disturbances, and model uncertainties can be recast into this
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diagram, using linear fractional transformations. In the scenario of
Fig. 1, P represents the augmented plant, A is the model uncer-
tainty, K is the controller to be designed, d is a vector consisting of
exogeneous inputs and disturbances, and e is a vector of penalized
signals. The uncertainties A, the exogeneous inputs d, and the er-
ror signal e are normalized to unity. This requires that all scalings
and weighting functions should be absorbed in the augmented plant
P. Let M represent the lower linear fractional transformation of P
closed by K, thatis, M = F,(P, K) = Pj1 + PiuK (I — PK)~' Py;.
Obviously, the structured singular value pa (M) depends on both
matrix M and the structure of A. The main difference between Hy,
design and p synthesis is the structure of the uncertainty block A.
For Hy design, A is a full block; whereas for p synthesis, A is of
mixed structure having both scalar and full blocks. We list several
propetties of the structured singular value, which will be referred to
later.
Lemma 1%5:

Fig. 1 General framework of feedback con-
trol system.

ua(aG) = |la|pa(G), VYo e C )
1a(AB) < | Allsopa(B) @)

P(M) < pa(M) < 5(M) 3)

max p(QM) < ua(M) < inf &(DMD™) 4)

It is known that the upper bound in Eq. (3) is achieved when A
is a full block (i.e., unstructured uncertainty) and the lower bound
in Eq. (3) is achieved when A is a scalar block. The introduction of
the scaling factors D and Q in Eq. (4) is to reduce the gap between
wa(M) and its upper and lower bounds, respectively.

Robust performance is said to be attained if and only if
walFr (P, K)(jw)] with A € By, satisfies ua[F(P, K)(jw)] < 1,
Vw. The optimal robust-performance problem (g systhesis) is to find
controller X that stabilizes the augmented plant P and minimizes
the worst-case value of uA[Fi (P, K)(jw)], i.e.,

inf sup wal(F (P, K)(jw)] 5)

K stabilizing , ¢

Because of the inherent nonconvexity of the problem, the complete
solutions to this problem are still unavailable. All of the existing
numerical schemes solve the optimization problem indirectly. D—
K iteration starts from the upper bound of puA[F;(P, K)(jw)]. In-
stead of minimizing pa[F(P, K)(jw)], D-K iteration minimizes
its upper bound infpep (DM D™Y, as shown in Eq. (4), and re-
duces the u synthesis to the following two-parameter optimization
problem:

inf sup inf G[DF(P, K)D™'(jw)] (6)

Kstabilizing ,,c g DeD

This problem can be solved approximately by solving first for K
keeping D constant and then by solving for D keeping K constant
and so on. For a fixed D, Eq. (6) is an H,-optimization problem;
whereas for fixed K, Eq. (6) is a convex optimization problem in
D. The scaling factors Dy, Dy, ..., D;_ obtained before the ith
iteration should be multiplied together to obtain the H,, controller
at the ith iteration.

p Synthesis and Weighted H, Optimization
The motivation of the present research stems from the concept
of linear quadratic Gaussian (LQG) design with loop transfer re-
covery (LTR). It is well recognized that the performance robustness

of the LQG controllers can be remarkably improved by the LTR
technique. We are curious to know whether the performance robust-
ness of LQG can be ultimately increased by the LTR to the level
achieved by the optimal i controllers. The answer is affirmative,
and a workable scheme is proposed in the following to realize this
conjecture. The significance of this approach is that the resulting
optimal g controllers can be assigned a priori with LQG struc-
ture. First, we will derive a sufficient condition based on weighted
H, optimization to guarantee the existence of the optimal p
controller.

Theorem 1: Suppose there exists a scalar frequency-dependent
weight W(s) such that the optimal H, controller K, obtained
from

Ko = argigfllWF/(P, K2 )

satisfies
walFi(P, Ko)(jw)] = yy = const, Vo ®
palF (P, Ko)(jw)] = W F (P, Ko)ll2, Yo o 9)

then K is the optimal p controller

infx supo wa[Fi (P, K)(j)] = pal B (P, Ko)(jw)} = yo, Vo
(10)

Proof: This can be proved easily by contradiction. Suppose K| is
another controller satisfying Eqs. (8) and (9) but with a smaller
value:

palFi(P, K)(jo)l = wy < po = palFi(P, Ko)(jo)l, Vo
(11)
Using Eq. (9), Eq. (11) can be rewritten as

IWF.(P, Kplla < IWFi(P, Ko)ll2

but this result contradicts the assumption of Eq. (7). Hence, we must
have

Ky =arginfsup us[Fi(P, K)(jw)l =arginf [WF (P, K)ll2 (12)

QED

Theorem [ reveals the fact that an optimal H, controller obtained
from Eq. (7), satisfying the conditions in Egs. (8) and (9), is also
an optimal u controller. The all-pass property (8) is an important
characteristic of the optimal 1 control, and many other optimization
problems possess this property.” However, the conditions given in
Eqgs. (7-9) are only sufficient for the existence of the optimal p con-
trollers, i.e., Theorem 1 does not imply that an optimal p controller
must possess the all-pass property or can always be derived from
the weighted H, optimization (12). The key issue in Theorem 1
is the characterization of the weighting function W(s). The next
section is devoted to characterizing the desired W (s) such that Eq.
(12) is satisfied. The right-hand side of Eq. (12) is known as the
frequency-weighted LQG problem in the literature,~!* which is
intimately related to the LQG/LTR technique.!! Equation (12) re-
veals the concept that the pi-optimization problem is equivalent to
the frequency-weighted H,-optimization problem. To the authors’
knowledge, this concept has not been discussed in the literature to
date.

The optimal p controller K, obtained from the weighted H,-
optimization process not only has the inherent robust-performance
property because of the p criterion but also possesses the nice H,
control structure, being easy to compute and implement.

1 Synthesis via H,-Based Loop-Shaping Design

In this section we propose a loop-shaping design procedure to
construct the weighting function W and the corresponding optimal
1 controller in Eq. (12) for arbitrary structure of F;(P, K). The ul-
timate closed-loop shape we want to achieve is a uniform frequency
response of the structured singular value of F;(P, K), i.e., the loop
shape represented by the all-pass condition (8). The strategy we will
adopt is to shape W recursively by a sequence of H,-optimization
processes until a uniform shape of u,[F (P, K){jw)] is achieved.
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The underlying concept of the H,-based loop-shaping design
comes from the observation of Eq. (9). An admissible W (s) satis-
fying condition (9) has the following property:

W (jw)| = palWF (P, K)(jw)] 13)
(W F (P, K)l2

where the property pa[W Fi(P, K)(jw)] = W (jo)lua [Fi(P, K)
x (jw)] from Eq. (1) has been used. Because both W(s) and K (s)
are unknown, we can neither determine W (s) from Eq. (13) nor
determine K (s) from the optimization of ||W F;(P, K)||» in Eq.
(7); however, if we apply Eqgs. (7) and (13) to different itera-
tion steps, K(s) and W(s) can be determined iteratively from
each other. For example, if we have a sequence of optimal H,
controllers (Ky, Ky, ..., K;,...), where we suppose controllers
Ko (s)—K;_ (s) and the corresponding frequency-dependent weights
Wo(s)-W;_,(s) are known, the objective is to determine K;(s) and
W;(s). We can exploit K;_;(s) and W;_;(s) to predict W;(s) by
applying Eq. (13):

L palWi F(P. K ()]
W (jw)| = 14
WGl W1 Fi(P, K012 (9

Next, we use this W; (s) to determine the optimal H, controller K;
from Eq. (7):

K;=arg inf

K stabilizing

|Wi Fi (P, K)2 (15)

In general, W; obtained from Eq. (14) may not satisfy Eq. (13), but
we expect that the limit of the sequence, Wy, can satisfy Eq. (13).
As the iteration proceeds, the following sequences can be defined:

ri = Wi F (P, Kll2 (16)
{i{w) = ualF (P, K)(jw)] a7
vilw) = palW; F (P, K)(jw)] (18)

where W;(s) is a scalar, minimum-phase transfer function whose
magnitude is determined by y;_i(w)/A;_1, that is,

Yi—1{w)

|Wi(jw)| =
/ Ai-1

i=12,... (19)
with |Wy(jw)| = 1. The sequence of optimal H, controllers con-
verging to an optimal p controller can be characterized in the fol-
lowing way.

Theorem 2: Given the controller sequence (K;); , defined by

K; =arg inf

if  [|WF(P, K)l2 (20)
K stabilizing

with W; given by Eq. (19), then the corresponding sequences

Ai)72 g [Gi(@)I7Lg, and [yi ()7L, possess the following prop-

erties.

Property 1:
flyi (@)l < & 21
Property 2:
Gy 1{w)
@) = Vi @), Vo 2)
Property 3:
. (@) 17 Gl
WinGol = 22 _TT29 v, 3
Aj Ak
k=0
Proof:

1) Exploiting the relation

1 Wi Fi (P, K (jo)] < &° [W; Fi(P, K))(jo)]

< Y ol WP, K ()]

k=1

and integrating with respect to w from —oo to oo, we have

/ P2 W F (P, K)(jw)l do

o0

S/ of IWiFi(P, Ki)(jw)] d

o0

5/ D G WiFi(P, Ki)(jo)] doo

X k=1

From the definition of the H, norm, the preceding equation leads to
the desired result,

lvilla = llwa [Wi(Go) Fr (P, Ki) (jo)]ll,
=< o [W;(jo) B (P, Kp) ()]l
S Wi F (P, KDl = X

2) By definition,

Vie (@) = pa Wi 1 (Jo) (P, Kiy 1) (jo)]
= Wi 1(Go)lpua [F(P, K+ 1) (Jo)]
= [yi(w)/Ai16i 4 1 (w)

3) By applying Eq. (22) repeatedly, we have

vilw) . i) yi-1(@)

W, = =
Wiy (w)] n PR
_ & () G 1@y, - 2((1)) (k(w)
Ao i1 Ao - H QED

k=0

Now we are ready to show that the limit controller K, in the se-
quence of the optimal H; controllers (K;)° , defined in Eq. (20) is
the solution of the u-optimization problem (5). The proof contains
three steps.

1) The first step is to show the convergence of the controller
sequence (K;){ .

2) The second step is to show that the limit controller K, satisfies
the all-pass condition (8).

3) The third step is to show that the limit controller K, truly
achieves the infimum:

iI,}fSSP palF (P, K)(jo)] = pal Fi(P, Keo) (jo)] = o, Yo

The convergence of the controller sequence (K;)f2 , is proved first.
Theorem 3:
1) Let K; be the central solution'? of the H,-optimization problem
defined in Eq. (20), then

i—1
K; = arginf $ ()
K

F P,K .
=0 Fek Nl oo i Y(jw)

(24)

2
2) The sequence (A )52, 1s convergent, where X; is defined as
Xo = iQfIIF:(P, K2

1 fe(w) 25

12kl

>
|

F(P,K)(jo)|| , i=1,2,3,...

2

=
k=0

3) The controller sequence (K;)?° , is convergent.
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Proof:
1) The definition of K; is given in Eq. (20). Exploiting Eq. (23),
we can rewrite K; as

K; = argiEfHWiFl(P, K)(jo)lz
[ (@)
. 3 .
= arg12f Iy F(P,K)(jw)
2
T el T S@)
= arg L2 inf “ L R(P, K)(jw)
i A K 0 1¢xlloo
= = 2
T &)
= argmf L R K (jo)
k=0 “Ck”oo 5

where we have used the fact that both ||¢(w) |l and A, are inde-
pendent of frequency w.

2) By definition,
1
5 @) o op kG
k=0 “gk “oo
= 2
-1
:WM) L@ popoel
Izl [} 1% kloo i
(note H M = 1)
Izl ||,
5@ g op k)
1L ledle i
L) -
P, K = )\.,’
= kumm’( ) !

Hence, the sequence (hi ){2, is monotonically decreasing and
bounded by 0 < X; <. Employing the convergent theorem" of
real sequences, we thus obtain the convergence of ()72 .

3) According to the definition of A;, we know that A is a contin-
uous function of K;. If we let K; be the central controller developed
in Ref. 12, then K; is uniquely determined by A;. Since %; is a
one-to-one continuous function of K;, the convergence of the se-
quence (%)%, implies the convergence of the controtler sequence
(KDE - QED

Having proved the convergence of the controller sequence K;, we
proceed to verify the uniformity of the structured singular value of
Fi(P, Ko) (jo).

Lemma 2: Let K, be the limit of the controller sequence defined
in Eq. (20), then

UalFi(P, Ko)(jw)] = Ay = const, Yo (26)

Proof: The three sequences defined in Eqs. (16-18) are deter-
mined uniquely by the controller sequence K;. Therefore, the con-
vergence of K; implies the convergence of A;, {; (w), and y; (). On
the other hand, from Eq. (22) we have

&i(w) W vi(w)
2270 — lim

lim

ivoe Aoy =0 ¥ (@)
Since y;(w) is convergent, we have lim; , o ¥:(w)/y; - (@) = 1,
V. It turns out that lim; _, o §i(w)/Ai—1 = 1, Yo, that is, {oo(w) =
HALF (P, Koo)(j@)] = Ao = const, Yo QED

The final step in our characterization of the optimal u controller
via H,-based loop shaping design is to show that K., achieves the
infimum of .

Theorem 4: The limit controller K, of the controller sequence
defined in Eq. (20) achieves the infimum:

Koo = arginfsup us[Fi(P, K)(jo)] = arginf [[Weo F1 (P, K)ll2

27

Proof: From the definition of W; in Eq. (19), the convergence of
W; is guaranteed by the convergence of y; (w) and A;. Let the limit
of the sequence (W;)° , be denoted by W,.. Then Eq. (14) becomes

balWe Fi (P, Ks)(jw)]
[Wee Fi (P, Keo)ll2

palFi (P, Kx)(jw)]
[Weo Fi (P, Koo)ll2

[Weo (jo)| =

|Woo (j)|

where the property from Eq. (1) has been used. Then, we have
walF1(P, Ko) (jo)] = |We Fi (P, Koo) (ja) Il (28)
where by the definition W, is related to K, via

Koo = arginf|Weo Fi(P, K)(j)l2 29)

Keeping the results of Egs. (26), (28), and (29) in mind, we go back
to Theorem 1 where we can see that the conditions (7-9) are satisfied
by the controller K, and the weighting function W,,. Hence, K
is the desired optimal g controller. QED

Remarks:

1) No particular structure of the uncertainty has been assumed in
the process of proof. Hence, the success of the 1 synthesis using the
aforementioned H,-based loop-shaping design is independent of the
structure of the uncertainties, which can be real, complex, or mixed.

2) The inherent assumption made in Theorems 3 and 4 is that
the structured singular value p, (M) of a given constant matrix
M = F,(P, K)(jwy) with given uncertainty structure A canbe eval-
vated perfectly. However, the existing numerical schemes can only
calculate a tight upper bound of 11 (M) suchasinfpep o (DM D™ D
[see Eq. (4)], and an exact evaluation of ua (M) is still lacking in
the literature except for some special cases where 2s + f < 3 with
s and f being the numbers of the repeated scalar blocks and the full
blocks, respectively. Therefore, although the convergence of the H,
controller sequence (K;)? , to the optimal j« controller is theoreti-
cally guaranteed, the exact calculation of X; is, in general, not avail-
able using the current art of structured singular-value computation.

3) If the computation of 1 (M) is replaced with its upper bound
infpep o (DM DY) andif 25 + f <3 issatisfied, (K;)?, still con-
verges to the optimal g controller; whereas if 2s + f > 3, then
(K;)7 , only converges to an approximation of the optimal p con-
troller. However, if the computation of jtA (M) is replaced with its
lower bound max g p(QM), the resulting (K;)72 , converges ex-
actly to the optimal u controller, since o (M) = maxgeg p(QM).
Nevertheless, note that the computation of maxg e p{QM) is not
a convex optimization problem.

H,-Based p-Synthesis Algorithm

Up to now we have developed the theoretical background for the
synthesis of optimal p« controllers via an H,-based loop-shaping
procedure. The equivalence in Eq. (12) is established by the con-
troller K, and the weighting function W, where K, and W, are
the limits of the sequences (K)f2 , and (W )72, respectively.
Using Eq. (23), the controller sequence (K;){° deﬁned in Eq. (20)
can be rewritten in the following manner:

i—1
[T e 6o
k

k=0

K = argigf

2

i—1

[ o P, K)o

k=0

il

inf 30
argin (30)

2
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If we define a new scalar minimum-phase function W,» as

i1

WiG) = [ | @)

k=0
then Eq. (30) becomes K; = arginfy || W, Fi(P, K)|l,. Instead of the
frequency-dependent weight W; (s) defined in Eq. (19), we can use
Wi (s) as anew frequency-dependent weight. The following work is
to derive the recursive formula for W;:

i i—1
WGl = [ [ et = [Hmw]a(w)
k=0

k=0
= W (jo) lual Fi(P, Ki)(jo)]
= ualWi F(P, K)(jw)] 3D

In terms of the new frequency-dependent weight Wi (5), we summa-
rize the p-synthesis technique using H,-based loop-shaping proce-
dures in the following algorithm.

Initialization: i = 0.

1) Set Wy(s) = 1. R

2) Compute K,=arginfy ||WoF;(P, K)|l, using the H,-opti-
mization technique.

3) Compute ua[Wo Fi (P, Ko)(jw)).

Recursive formula: i = 1, 2, 3,

1) Set deg(W;) =n,,, where W; is a scalar, minimum-phase func-
tion.

2) Fit pa[Wi_ Fi(P, K; _1)(jw)] by [W; (jw)| [from Eq. (31)].

3) Compute K; = arginfx [|W; Fi(P, K} 2.

4) Compute uA[W; F(P, K;)(jw)l.

Repeat the algorithm until the required accuracy in the unifor-
mity of {j(w)=ualF(P, K;)(jw)] is met. This algorithm is a
new scheme for p synthesis. Ideally, at the end of the iteration,
ualFi (P, Ky)(jw)] must be an all-pass function, as is shown in
Lemma 2. Although the convergence of the sequence to the optimal
4 controller is guaranteed theoretically, in numerical calculation,
the achievable degree of optimization depends on the accuracy in
calculating the optimal H, controller K; and the structured singu-
lar value pA[W;_ 1 Fi (P, K; - 1)(jw)], and on the accuracy of curve
fitting palW; -1 F(P, K; _1)(Jw)] by {W;(jw)|. The order of the
H, controllers in the minimizing sequence can be chosen a priori
according to the required closeness to the optimal u solution. Once
controller order is assigned, the order n,, of W; for curve fitting can
be determined accordingly.

The multiplication of F;(P, K;) by a scalar function W; can be
considered as a shaping effect on the augmented plant P by noting
that W; F;(P, K) = F;(P;, K), where

Pi(s) = [Wig)ll 10i| P

with / and m being the dimensions of the output vector z and the
measurement vector y, respectively. In this way, a scalar weighting
function, instead of a matrix-valued weighting function, can always
be used effectively, regardless of the dimension of the augmented
plant and the structure of the uncertainties.

In summary, the procedures of synthesizing the optimal p con-
trollers via H,-based loop-shaping design involve only two steps:
one step is the refinement of the frequency-dependent weight via
(W (jw)| = palWioi Fi(P, Ki1)(jo)]; the other step is the re-
finement of the optimal H, controller via K;(s) = arginfy ||W; x
Fi((P, K)ll2.

Numerical Examples

Here we consider two examples. One is a single-input/single-
output (SISO) disturbance rejection problem,® and the other is a
multi-input/multi-output (MIMO) autopilot design problem.!!

SISO Case: Disturbance Rejection

Referring to Fig. 2, the objective of this design problem is to syn-
thesize controllers such that the disturbance output y =[1 + (G +
W, A K]1\d satisfies || Wyl < 1 in the presence of the additive

LY Y
1

C‘_f. = Wp l_i_

Fig.3 Block diagram with auxiliary weighting function W(s).

plant uncertainty W, A,, where the magnitude W, of the additive
plant uncertainty, the disturbance output envelope W, and the nom-
inal plant G are given,’ respectively, as

W) < 025025 +0.1256 W) 40.1606
-, S ) = —————
4\ 055 +1 g 142.8571s + 1
0.5(1 —
G(s) = =5

T (s +2)(s+0.5)

This robust performance problem can be recast to the p1-optimization
problem:

inf  sup palF (P, K)(jw)] (Y

K stabilizing o

The optimal p controller is to be solved by the H;-based loop-
shaping design introduced in the preceding sections. The intercon-
nection of the frequency-dependent weight W (s) with the original
system is shown in Fig. 3. We will shape the weighting functions
Wa(s) and W,(s) such that the original p-optimization problem
can be converted to an equivalent weighted H,-optimization prob-
lem with the reshaped weighting functions given by W;(s)W,(s)
and W;(s)W,(s). Different orders of W; and different number of
iterations can be exploited to test the accuracy and the converging
tendency of the proposed scheme. For instance, we use fourth-order
Wi (s) for curve fitting and three iterations have been performed to
yield four optimal H, controllers: K; =arg infg [|W; Fi(P, K)|l2,
i =0,1,2,3 withdeg[K;(s)] = 11. Numerical results for A; = [|W;
Fi(P, K)ll2, sup,, &i (@)= sup, ualFi(P, Ki)(jw)], and Wi(s),
i =0,1, 2,3 are shown in Table 1.

The plotof ¢; = uA[F(P, K;)(jw)]is shownin Fig. 4, where we
can observe that uA[ F(P, K3)(jw)] is almost all pass. Also shown
in Fig. 4 is the frequency response pA[F; (P, Kpg)(jw)] for which
the controller K pg (s) is obtained from three D-K iterations with
deg[Kpx (s)] = 11. It is observed that sup, pAlF (P, K3)(jw)] =
1.0770, whereas sup,, ua[F;(P, Kpx)(jw)] = 1.0689. The effects
of K3 and K p are nearly indistinguishable. The resulting p value is
greater than 1, indicating that the robust performance requirement is
not satisfied, and the magnitude W, of the additive plant uncertainty
needs to be shrunken, at least, by a ratio 1/1.0770.

During the iteration process, we use infp .p (DM D) to ap-
proximate the structured singular value p,(M); nevertheless, the
convergence to the optimal p controller is still guaranteed, since
in this example 2s + f <3 is satisfied and the approximation is
perfect. Therefore, if we fit W; with higher degrees and increase
the computational accuracy, K; can be made arbitrarily close to
the optimal p solution. Indeed, for this simple SISO case, we
have a closed-form expression for the structured singular value:
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Table 1 H,-based loop-shaping results
No. A sup,, &i (@) Wi(s)
0 0.8414 1.5234 1
0.00561s* + 12.785% + 16,4405% + 26,0105 -+ 16,510
1 1.0376 1.1741 § P 1278 + st s+
5%+ 24,95053 + 44,9102 + 30,1005 + 9109
0.0095s* + 22.77s% + 32,2005 + 381,600s + 456,500
2 1.0733 10927 22Tl o s
s* 4 69,700s% + 763,90052 4- 592,300s + 254,900
0.001328s* + 3.4845% + 539252 + 19,130s + 16,000
3 1.0668 1.0770 st D ABA F 02 F s F
s + 11,650s3 + 34,000s2 + 23,8305 + 9135
2 v T
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Fig.4 Iteration results of the SISO design example.

ualM(jo)l = |Mi1(jo)| + | Mz (jw)]. Employing this formula in
the iteration process could reduce the computational time greatly.

This example illustrates the fact, as proved earlier, that by recur-
sive frequency shaping optimal H, controllers can converge gradu-
ately to the optimal p controller.

MIMO Case: Autopilot Design

This section contains an example of u synthesis as applied to the
pitch-axis controller design of an experimental highly maneuver-
able airplane HIMAT.%!! The linearized model of HIMAT consists
of four states: xT = (3v, o, ¢, 6), representing the forward velocity,
angle of attack, pitch rate, and pitch angle, respectively. The con-
trol inputs are elevon deflection angle §, and the canard deflection
angle 8. The variables to be measured are « and 8. The state—space

magnitud

Gol(w) : dashed \
Cu(w) : dash-dotted| \
Ln@): solid line \
osp pa(FAP, Kpk)ja)):  dotted \
\
\
o 3 l-2 : 1 : y 1 . 2 \\F
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rad/sec

Fig. 6 Iteration results of the MIMO design example.

In terms of the structured singular value framework, these design ob-
jectives are satisfied if and only if infx sup, uA[Fi(P, K)(jw)] <1,

nominal model for this two-input two-output plant is given by where

[—0.023 —37 —19 -32 0 0] Fi(P,K) :[ WaTo WdKSO] (33)

0 —1.9098 0 [-041 0 WpSoGo W, 5o
A|B 0.012 —-12 =26 0 —78 22 with Sy and T, being the sensitivity and complementary sensi-
Gols) = ciD = 0 0 1 0 0 0 tivity functions for the nominal plant Gy. The p controller for
this robust performance problem has been computed by D-K
0 57 0 0 0 0 iteration. Here, we will resolve the p-optimization problem via a
L O 0 0 57 0 0 | sequence of optimal H, controllers K;(s). The frequency response

A diagram for the closed-loop system, which includes the feedback
structure of the plant and controller, and elements associated with the
uncertainty models and performance objectives, is shown in Fig. 5.
The control design objective is to determine a stabilizing K such that
for all stable perturbation Ag(s), with |Aglle < 1, the perturbed
closed-loop system remains stable, and the perturbed weighted
sensitivity transfer function S(Ag) = [I + Go(I + A¢W)K]™!
has ||W,S(Ag)lle < 1 for all such perturbations. The envelope W,
of the sensitivity function and the magnitude W, of the multiplica-
tive plant uncertainty, are given, respectively, as

1.5

_ 1005 + 10,000
s +0.03"

w = =
b 4= TS £10,000

of uAlF (P, K;)(jw)}is depicted in Fig. 6, where 12 iterations have
been performed. It can be seen that uA[Fy (P, K12)(jw)] is nearly
uniform over the low-frequency range, being close to the p solution
obtained by D-K iteration. The rolloff tendency at high frequency
is primarily caused by the roundoff errors and the truncation er-
rors in calculating the structured singular value. If we increase the
computational accuracy, the uniform portion of uA[Fy (P, K;)(jw)]
can be extended to cover a wider frequency range. For compari-
son purposes, we have chosen the orders of W; such that deg(X;)
= deg(Kpk), and the number of iterations involved in obtaining
K; and Kpg is kept the same. The weighting functions W,(s) and
W, (s) before and after shaping by the frequency-dependent weights
W;(s) are shown in Figs. 7 and 8. Since weighted H,-optimization
problems can be solved by the LQG/LTR design procedure,'! we
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Fig.8 Reshaping of W, (s) by Wyy(s).

thus can implement the H,-based loop-shaping algorithm in terms
of LQG/LTR to obtain the optimal u controllers.

There are two main differences between the H,-based u-
synthesis technique and the H,,-based p-synthesis technique (D-K
iteration).

1) The convergence of the H,-based p-synthesis procedures to
the optimal o controller is theoretically guaranteed, provided that
the structured singular value of a constant matrix with any type of
uncertainty structures can be obtained perfectly. The D-K itera-
tion is not guaranteed to converge to the minimum of u, even if
Zs 4 f <3.

2) The optimal H, controller can be obtained in closed form,'?
whereas the optimal H,, controller can only be obtained iteratively
by using the y -iteration technique.'? For example, if the optimal H,,

controller is computed to an accuracy 1074, the typical number of
y iterations required is about an order of 10. Consequently, at every
iteration, the Hj-based p-synthesis technique is required to solve
the two algebraic Riccati equations!? (ARE) only once, but the H,-
based p+-synthesis technique needs to solve the two ARE 10 times. In
the two examples, the number of the iterations of the two approaches
are kept the same, and comparable accuracy results; however, the
number of times ARE are solved for the proposed algorithm is far
below that for D—K iteration.

Conclusions

We have derived a sufficient condition for the existence of the
optimal u controllers by showing that the p-optimization problem
is equivalent to the weighted H, optimization problem. With this ap-
proach, we have verified the possibility that conventional LQG con-
trollers, with iterative tuning of frequency-dependent weights, can
become optimal p controllers. By providing a systematic method-
ology of determining the frequency-dependent weights via the H,-
based loop-shaping procedures, we have derived, both theoretically
and numerically, LQG controllers converging to the optimal p con-
trollers. The proposed algorithm yields a comparable accuracy with
D-K iteration, but with reduced computational efforts.

References

IDoyle, I. C., “Analysis of Feedback Systems with Structured Uncertain-
ties,” IEE Proceedings, Vol. 129, Pt. D, 1982, pp. 242-250.

2Doyle, J. C., “Structured Uncertainty in Control System Design,” Pro-
ceedings of the 24th IEEE Conference on Decision and Control (Ft. Laud-
erdale, FL), Inst. of Electrical and Electronics Engineers, 1985, pp. 260-265.

3Lin, J. L., Postlethwaite, 1., and Gu, D. W, “u—K Iteration: A New
Algorithm for x4 Synthesis,” Automatica, Vol. 29, No. 1, 1993, pp. 219-224.

4Chang, C. Y, Yang, C. D,, and Lin, C. E., “A New Iteration Scheme
for Robust Performance Problem: E—K Iteration,” 1994 American Control
Conference (Baltimore, MD), 1994, pp. 2809-2814.

5Mario, A. R., and Tetsuya, 1., “An Alternative to the D—K Iteration?”
1994 American Control Conference (Baltimore, MD), 1994, pp. 53-57.

6Balas, G. 1., Doyle, J., Glover, K., Packard, A., and Smith, R., “The
i-Analysis and Synthesis Toolbox,” MathWorks, Natick, MA, 1991.

THelton, J. W., “Worst Case Analysis in the Frequency Domain: The Hy,
Approach to Control,” IEEE Transactions on Automatic Control, Vol. AC-
30, No. 12, 1985, pp. 1154-1170.

8Anderson, B.D. O, and Mingori, D. L., “Use of Frequency Dependence
in Linear Quadratic Control Problems to Frequency Shape Robustness,”
Journal of Guidance, Control, and Dynamics, Vol. 8, No. 3, 1985, pp. 397~
401.

?Gupta, N. K., “Frequency-Shaped Cost Functions: Extension of Linear-
Quadratic Gaussian Design Methods,” Journal of Guidance and Control,
Vol. 3, No. 6, 1980, pp. 529-535.

10Safonov, M. G., Laub, A. J., and Hartmann, G. L., “Feedback Proper-
ties of Multivariable Systems: The Role and Use of the Return Difference
Matrix,” IEEE Transactions on Automatic Control, Vol. AC-26,No. 1, 1981,
pp. 47-65.

18tein, G., and Athans, M., “The LQG/LTR Procedure for Mutivariable
Feedback Control Design,” IEEE Transactions on Automatic Control, Vol.
AC-32, No. 2, 1987, pp. 105--114.

12Doyle, J. C,, Glover, K., Khargonekar, P. P,, and Francis, B. A., “State-
Space Solutions to Standard H, and H,, Control Problems,” IEEE Trans-
actions on Automatic Control, Vol. 34, No. 8, 1989, pp. 831-847.

BBartle, R. G., The Elements of Real Analysis, Wiley, New York, 1966.



